We discuss some of the basic ideas of Galois theory for commutative S-algebras originally formulated by John Rognes. We restrict attention to the case of finite Galois groups.
Introduction
In these notes we describe some ideas on Galois theory for commutative S-algebras, also known as brave new (commutative) rings, originally formulated by John Rognes. For ease of exposition, we restrict ourselves to the case of finite Galois groups, although there are versions for profinite groups, group-like monoids, and stably dualizable topological groups.
We begin in Part 1 by describing the general framework, first outlining the generalization of 'classical' Galois theory of field extensions to commutative rings (principally due to Chase, Harrison and Rosenberg [14] ) and then some of the theory developed by Rognes (most of which has not yet appeared in print in final form). In our account, central rôles are played by the notion of strong duality as discussed by Dold and Puppe [16] and a certain trace mapping (also confusingly known as a norm mapping) constructed by Greenlees and May in the context of generalized Tate cohomology. Both of these are topological manifestations of properties of algebraic Galois extensions. We give some examples where algebraic data on coefficient rings ensures strong topological consequences, a theme we come back to later. We stress that this material is known to Rognes and the presentation reflects our approach to understanding his results rather than being original.
In Part 2, we consider the issue (raised by Rognes) of passage from algebraic Galois extensions to topological ones. We focus on specific situations where we can apply the recently developed obstruction theories of Robinson and Goerss-Hopkins to produce topological models for algebraic Galois extensions and the necessary morphisms of commutative S-algebras. In these situations, certain cohomological obstructions vanish for purely algebraic reasons related to the Galois theory of the coefficient rings of the spectra involved. However examples such as KU as a KOalgebra (studied in Part 1) indicate that more exotic phenomena can occur in the topological setting. We also show how in certain cases (i.e., where the order of the Galois group is invertible, there are enough roots of unity present and the base S-algebra satisfies a technical condition) topological abelian Galois extensions are classified by the same Harrison groups as algebraic ones and this leads to computable Harrison groups for such spectra. We make use of some results about invertible module spectra proved in [11] . We consider the Tate spectrum in the sense of [25] associated to a G-Galois extension and show that it is trivial, thus generalising an analogous result for algebraic Galois extensions. We end by proving an analogue of Hilbert's theorem 90 for the units associated with a Galois extension. Part 1. Galois theory for commutative rings and ring spectra
Galois theory for commutative rings
We recall results on the Galois theory of commutative rings which are mainly due to Chase, Harrison and Rosenberg [14] and also described by Greither [28] . The notion of Galois extensions of commutative rings was first developed by Auslander and Goldman in [6] ; for further work on this see [17, 18, 23] . It is also possible to make sense of these ideas in the context where R is a commutative graded ring and S is a commutative R-algebra, and this will be important in the topological applications.
Let R be a commutative ring and S a commutative R-algebra. Suppose that G Aut(S/R), the group of all R-algebra automorphisms of S; we will indicate the (left) action of γ ∈ G on s ∈ S by writing γ s. We give the product S-algebra γ∈G S = {(s γ ) γ∈G : s γ ∈ S} the left G-action for which α · (s γ ) γ∈G = (s γα ) γ∈G (α ∈ G).
We also have the S-algebra of functions f : G −→ S which has the left G-action
There is a G-equivariant isomorphism of S-algebras
There is a unique S-algebra homomorphism
which induces a G-equivariant homomorphism of S-algebras Θ ′ : S ⊗ R S −→ Map(G, S) that will be used without further remark. We denote the twisted group ring of S with G by S♯G; this is the free S-module on G with product given by (sα)(tβ) = (s α t)(αβ) (s, t ∈ S, α, β ∈ G).
Then S♯G is an R-algebra and there is an R-algebra homomorphism j : S♯G −→ End R (S) induced from the actions of S and G on S by R-module homomorphisms. Definition 1.1.1. S/R is a G-Galois extension if it satisfies the following conditions:
(G-1) S G = R;
(G-2) Θ : S ⊗ R S −→ γ∈G S is an isomorphism. Remark 1.1.2. (a) Condition (G-2) ensures that S is unramified with respect to R. For instance, if C 2 is a cyclic group of order 2, then Z −→ Z[i] is not a C 2 -Galois extension: because of ramification at the prime 2, the map Θ is not surjective. After inverting 2 we find that Z[1/2] −→ Z[1/2, i] is a C 2 -Galois extension.
(b) (G-2) can also be replaced by the requirement that Θ ′ : S ⊗ R S −→ Map(G, S) is an isomorphism.
Remark 1.1.3. Later we will consider G-Galois extensions of graded commutative rings. By these we mean extensions of graded rings R * −→ S * together with an action of G Aut R * (S * ) such that the conditions of Definition 1.1.1 are satisfied. Note, that in these cases the G-action preserves the grading. (a) S/R is a G-Galois extension.
S is a finitely generated projective R-module and j : S♯G −→ End R (S) is an isomorphism. (e) For every γ ∈ G and every maximal ideal M ⊳ S, there is an element s ∈ S for which (s − γ s) / ∈ M . (f) S is a separable R-algebra and G is strongly separable.
We define the trace of S/R to be the R-module homomorphism tr S/R : S −→ R; tr S/R (s) = γ∈G γ s.
We will write tr = tr S/R when no ambiguity is likely to result.
Recall that a ring is connected if it has no non-trivial idempotents, i.e., its only idempotents are 0 and 1. Also recall that given a left RG-module M , Hom R (M, R) can viewed as a left RG-module with the contragredient G-action determined by (f) S is a finitely generated projective invertible RG-module, hence it is of constant rank 1.
Furthermore, S is self-dual, i.e., S * = Hom R (S, R) ∼ = S as RG-modules.
The proof of (f) makes use of the trace pairing
to establish the self-duality and projectivity (see [14, theorem 4.2] ). In Section 1.3 we will discuss a more abstract setting for such duality; in particular, the self-duality of a Galois extension forces it to be self-dual in the categorical sense we will describe (this is a special case of [36, lemma 2.9] where the relationship between these notations is also studied in detail). (b) When R contains non-trivial idempotents, 1.1.6(d) need not be true. For example, if G has order 2 and S = R × R is the trivial G-extension, then given any non-trivial idempotent e ∈ R, the map ϕ :
is an R-algebra isomorphism which is not an element of G, since for a, b ∈ R the equation
is easily seen to have the unique solution 
Then we have Proposition 1.1.9. Let S/R be a G-Galois extension. Then
Proof. By Lemma 1.1.8, H * (G; S) = Ext * RG (R, S). Recall from Theorem 1.1.6(f) that S is finitely generated, self-dual and projective as an RGmodule and it is also finitely generated and projective as an R-module. Let S ′ denote the projective right RG-module with G-action defined in terms of the existing left action by
This induces a left RG-module structure on Hom R (S ′ , R) which agrees with the contragredient structure associated with the left RG-module structure on S, hence we have isomorphisms of left RG-modules S ∼ = S * ∼ = Hom R (S ′ , R). Now making use of the above properties of S we have the following chain of identifications:
We follow [28] in making Definitions 1.1.10 and 1.1.12 below. Definition 1.1.10. For a commutative ring R and a finite group G, let Gal(R, G) denote the category of G-Galois extensions of R with morphisms the R-algebra homomorphisms commuting with the actions of G. Proposition 1.1.11. If S/R and T /R are two G-Galois extensions and ϕ : S −→ T is an R-algebra homomorphism commuting with the actions of G, then ϕ is an isomorphism. Hence Gal(R, G) is a (large) groupoid.
Proof. The proof of [28, proposition 0.1.12] only applies when R has no non-trivial idempotents, so for completeness we prove the general case.
First note that by parts (a) and (e) of Theorem 1.1.6, it suffices to replace S/R and T /R by
Thus we might as well assume that
Then as ϕ commutes with the action of elements of G, for each α ∈ G we have
Thus the e α , and hence the e ′ α , form complete sets of orthogonal idempotents in S. Notice that the e α also form a basis for the free R-module S. It then follows that the t α also form a complete set of orthogonal idempotents in R. Now for elements s ∈ S and x γ ∈ R, consider the equation
which is equivalent to α∈G γ∈G
Multiplying by e β we obtain
where r β ∈ R is the unique element for which se β = r β e β . Thus for α, β ∈ G we have
Multiplying by t α −1 β now gives
Summing over β ∈ G we now obtain
Thus (1.1.3) has the unique solution given by this formula. Hence ϕ is an isomorphism.
Because of this, we may define an equivalence relation ∼ on the objects of Gal(R, G) by requiring that S/R ∼ T /R if and only if there is a morphism ϕ : S −→ T in Gal(R, G). The equivalence classes of ∼ are then the isomorphism classes of G-Galois extensions of R. Definition 1.1.12 (See [29] and [28, 3.2] ). The Harrison set Har(R, G) is the set of isomorphism classes of G-Galois extensions of R. When G is abelian, this is naturally an abelian group often called the Harrison group.
There are some useful properties of this construction that will be required later. Details can be found in [29, 28] or supplied by the reader. Of course, part (c) implies that Har(R, ) is determined by its values on cyclic groups. Let S/R be a G-Galois extension and let T ⊆ S be a subring containing R. The next definition is taken from [23] . Notice that when S is connected, the condition described is innocuous.
T is G-strong if for every pair of distinct elements α, β ∈ G, their restrictions to maps α ′ , β ′ : T −→ S either agree or for every non-zero idempotent e ∈ S there is a t ∈ T for which α t e = β t e.
The next result is taken from [14, 28, 23] . In particular, for each H G, S/S H is an H-Galois extension and when N ⊳ G, S N /R is a G/N -Galois extension.
Abelian extensions and Kummer theory
In [29, 27, 28] a theory of abelian extensions of commutative rings was described, including an analogue of Kummer theory. We will describe this algebraic theory and in Section 2.3 a topological analogue will be introduced. Our goal is to show how Har(R, G) can be determined under certain conditions, making use of Proposition 1.1.13, which reduces the problem to the case of cyclic groups.
Let R be a commutative ring containing 1/n and a primitive n-th root of unity ζ. For a unit u ∈ R × , we set R(n; u)
where x is an indeterminate. We will write z for the coset z + (x n − u) ∈ R[x]/(x n − u). Of course, for any t ∈ R × there is a canonical R-algebra isomorphism R(n; t n u) ∼ = − → R(n; u); x ←→ tx.
Notice that R(n; u)/R is a C n -Galois extension, where the action of the generator γ n ∈ C n is given by γ n · x = ζx.
The set Kum n (R) of R-algebra isomorphism classes of such R(n; u) is an abelian group with product on isomorphism classes given by
and whose unit is the class [R(n; 1)], where
Har(R; C n ). In fact there is an isomorphism of groups
Now let S/R be a C n -Galois extension. For k = 0, 1, . . . , n − 1, let
Then each S (k) is an R-submodule of S and is a summand, hence it is finitely generated projective. Furthermore, the product in S gives rise to epimorphisms
In particular we obtain
This shows that S (1) is an invertible R-module which represents an element [S (1) ] of the Picard group Pic(R) whose order is a divisor of n; we write
Thus there is a group homomorphism
Now from [27, 28] we have Proposition 1.2.1. There is an exact sequence of abelian groups
There is a generalization of these ideas to the case where G is any finite abelian group and R contains 1/|G| as well as a primitive d-th root of unity ζ with d = lcm{|γ| : γ ∈ G}.
Presumably the following is known to experts (it is hinted at in [27, 28] ) but we give details since we know of no convenient reference.
First note that as an R[G]-module, the group ring R[G] has a decomposition
where the sum is over the characters χ ∈ Hom(G, ζ ) = Hom(G, R × ). This decomposition is effected by the orthogonal idempotents
which decompose 1. It is easily seen by direct calculation that the R-module
is free of rank 1. Now for a G-Galois extension S/R there is a decomposition of R[G]-modules
where S(χ) = e χ S. For example, for the trivial extension S triv = γ∈G R we have
For characters χ 1 , χ 2 , the multiplication map
is an isomorphism. Hence for each character χ, S(χ) is an invertible R-module.
Proof. This is similar to the proof for the case of a cyclic group. The invertibility comes about because each character χ has an inverse character χ defined by
The character group of G is the abelian group 
Proof. This is very similar to the proof for a cyclic group, although a little more involved. First there is a function
which induces a function Har(R, G) −→ Pic(R, G) that is a homomorphism by Lemma 1.2.2. This homomorphism is surjective and its kernel consists of equivalence classes of Galois extensions S/R having the property that for each character
It is straightforward to verify that the function
is a 2-cocycle, hence it defines an element of H 2 (G • , R × ). If we change the basis elements s χ to w χ s χ where w χ ∈ R × , then the function
To check that the right hand map is surjective, it suffices to express G as a product of cyclic groups C k 1 × · · · × C k ℓ and use the existence of compatible isomorphisms
Duality in a symmetric monoidal category
The Galois theory for commutative rings of Section 1.1 has some crucial aspects which can be generalized to the context of symmetric monoidal categories. At the heart of this are the notions of strong duality and self-duality both of which are visible in the above account. The appropriate notions are described in detail in [16] and some aspects appear in [30, 32] . We give an account based on [16] with some modifications of notation.
Let C be a symmetric monoidal category with multiplication ⊠ and unit I. Then for all objects X, Y, Z in C there are coherent natural isomorphisms
i.e., there is a natural bijection
Then P is weakly dualizable if such a Q exists. Taking X = Q, we then obtain the evaluation
If it exists, such a weak dual is unique up to isomorphism. If we choose a weak dual DP for each weakly dualizable P , then every morphism P 1 f − → P 2 between weakly dualizable objects gives rise to a dual morphism DP 2 Df − − → DP 1 characterized by the commutative diagram
We take DI = I since I is clearly weakly self-dual. Now each morphism X −→ DP corresponds to a morphism X ⊠ P −→ I. Thus whenever DP and DDP both exist so does the morphism δ = δ P : P −→ DDP which corresponds to
If A and B are both weakly dualizable, we may define
corresponding to the composite
. P is strongly dualizable if it is reflexive and µ P DP is an isomorphism. This condition is equivalent to the requirement that the composition
be an isomorphism and this means that DP ⊠P is canonically weakly self-dual. We will then say that DP is the strong dual of P ; note that this relationship between these objects is symmetric.
When P is strongly dualizable, the coevaluation η = η P : I −→ P ⊠ DP is the composite
The following result taken from [16, theorem 1.3] summarizes the main properties of duality. (a) Q is a strong dual of P with evaluation ε.
(b) There is a morphism η : I −→ P ⊠Q for which the following compositions are the identity morphisms id P and id Q respectively:
For every pair of objects X and Y , the map
Furthermore, if one and hence all of these conditions is satisfied then the morphism η of (b) is necessarily the coevaluation and the bijection ϕ XY of (c) sends η to the composition
Recall that C is closed if for each pair of objects X, Y there is an object F (X, Y ) in X and Y for which there is a functorial bijection
for all objects Z. The following result is immediate and shows that we can take DP = F (P, I) whenever this makes sense and take ε ′ , η ′ of this result for the evaluation and coevaluation maps. Proposition 1.3.5. Let C be complete and let P be strongly dualizable in C with dual DP , evaluation ε and coevaluation η. Then there is an isomorphism ϕ : DP −→ F (P, I) and F (P, I) is also a dual for P with evaluation ε ′ = ε(ϕ −1 ⊠ id) and coevaluation η ′ = (id ⊠ ϕ)η.
We end this section with a useful result mentioned in the proof of [34, theorem XVI 7.4] but whose proof seems not to appear in the literature. Proposition 1.3.6. Let C be closed and let P be strongly dualizable in C . Suppose that R is a retract of P with maps j : R −→ P and r : P −→ R satisfying rj = id R : R −→ R. Then R is strongly dualizable with the natural evaluation ε ′ : F (R, I) ⊠ R −→ I and coevaluation given by the composite
Proof. It suffices to verify the conditions in (1.3.3) of Theorem 1.3.4 for R and F (R, I). The diagram
is commutative, thus verifying commutativity of (1.3.3a) and a similar diagram can be used to establish commutativity of (1.3.3b).
Brave new Galois extensions
The notion of a Galois extension in the context of the commutative S-algebras of [20] was introduced by J. Rognes. For simplicity we restrict attention to the case of finite Galois groups.
Given a commutative S-algebra A, we will work in the categories of A-modules M A and its derived category D A . These categories are complete and symmetric monoidal under the smash product ∧ A . In each of M A and D A , an A-module L has as a weak dual D A L = F A (L, A). Then L is strongly dualizable if for every A-module M ,
The following useful result on strongly dualizable objects in D A is taken from [30, §2] (see also [22, proposition 2 .1], [34] and [36] ).
Our next definition is of course suggested by the algebraic notion of faithful flatness.
We can now give the key definition of a Galois extension essentially due to Rognes. In fact he does not insist on (BNG-3) but originally conjectured this as a consequence of (BNG-1) and (BNG-2); in all known examples this holds. Definition 1.4.4. Let A be a commutative S-algebra and let B be a commutative A-algebra. Let G be a finite (discrete) group and suppose that there is an action of G on B by commutative A-algebra morphisms. Then B/A is a weak G-Galois extension if it satisfies the following two conditions.
(BNG-1) The natural map A −→ B hG = F(EG + , B) G is a weak equivalence of A-algebras;
In (BNG-2), F(G + , B) is isomorphic to the product B-algebra γ∈G B which becomes a right B-module so that the product on the factor corresponding to γ ∈ G is
The projection onto the factor corresponding to γ ∈ G,
is a map of B-bimodules with the above B-bimodule structure on the target. Then we take Θ :
to be the product of the ε γ transported to F(G + , B).
Proof. (a) This is trivial.
(b) The proof of this is formal.
(c) Most of the argument involves a straightforward modification of the proof of the analogous result for Galois extensions of commutative rings. To verify condition (BNG-2), note that by making repeated use of the strong self-duality of C we have
Here are some examples which illustrate this notion. For n 1, we denote by C n = γ n a cyclic group of order n. Example 1.4.8. Let ι : KO −→ KU be the complexification morphism which can be given the structure of a morphism of commutative S-algebras. As explained to us by John Rognes, KU/KO is a C 2 -Galois extension. We will indicate how to see this. Fajstrup [21] discusses this Real K-theory spectrum in more detail.
The action of C 2 = γ 2 originates in the action of the stable operation ψ −1 whose action on KU 2n = Zu n satisfies γ 2 · u n = ψ −1 (u n ) = (−1) n u n .
In the homotopy fixed point spectral sequence
The only non-zero differential is d 3 which is forced by the value
and so E * , * 
Then as KU -modules, KU ∧ KO KU ∼ KU ∧ cone(η).
The natural map KU ∧ S KU −→ KU ∧ KO KU induces a quotient map KU * KU −→ KU KO * KU ∼ = KU * cone(η), and from [3] together with the identification CP 1 ∼ Σ 2 cone(η), we find that as a module over
Here is an interpretation of KU KO 0 KU which helps make its ring structure explicit. Recall that
the ring of stably numerical polynomials. By restricting functions on Z − {0} to {±1}, we obtain the quotient algebra
Then it can be shown that B has as a basis 1 and β, the image of (w + w −1 )/2 ∈ A s under the quotient homomorphism ρ : A s −→ B. Notice that
so since (w 2 + w −2 − 2)/4 ∈ ker ρ, in B we have β 2 = 1. In fact, we have KU KO 0 KU = B and the action of C 2 on the second factor is induced from the action
on A s which arises from the action of ψ −1 on the righthand factor of KU in KU ∧ S KU . Thus we have
is a ring isomorphism. Notice that although KU * is not a projective module over KO * , KU is in fact faithful over KO since if M is a KO-module with KU ∧ KO M ∼ * , then using the cofibre sequence
is a weak equivalence. Now since η ∈ KO 1 is nilpotent, this implies that M ∼ * .
The following example is much more straightforward to verify. Let p be an odd prime. The Johnson-Wilson spectrum E(1) agrees with the Adams summand of KU (p) . Passing to the p-completions, there is a Galois action of C p−1 on (KU p ) * and we can use Corollary 1.4.16 to obtain Example 1.4.9. KU p /E(1) p is a C p−1 -Galois extension. where the u i are of degree zero and u is an element of degree 2. This is known to be an algebra over the I n -adic completion E(n) of the Johnson-Wilson spectrum E(n) (see [10] for a proof that E(n) is commutative). Then E n / E(n) is a C n ⋉ F × p n -Galois extension. The following properties of such Galois extensions were originally stated by J. Rognes in talks and unpublished writings from around 2000. Theorem 1.4.11. Let A and B be commutative S-algebras and let A −→ B be a G-Galois extension. Then in the derived category of A-modules D A , the following hold. A (B, B) .
Proof. In the proof we will make extensive use of notions developed in Section 1.3. The key part is (a), the others follow by formal arguments involving strong duality and we omit these.
The idea is to emulate as far as possible the ideas used in proving the algebraic results of Section 1.1. The most important ingredient is a (weak) trace morphism
which factors the symmetrization map γ∈G γ : B −→ B. Such a map was constructed by Greenlees and May [25, theorem 5.10] . In our context (with B G denoting the naive G-spectrum associated with B), this produces a homotopy commutative diagram
and we take for our trace map the composition
It is straightforward to check that this is in fact a morphism of A-modules. Having obtain a trace map, we can now define an evaluation map to be the trace pairing by
which is a morphism of A-modules. is homotopic to tr; this is a consequence of the fact that the maps (id ∧ inc)/G and τ are equivariant with respect to a certain action of G discussed in [32, 25, 34] . Therefore the selfduality of Theorem 1.4.11(a) is given by a G-equivariant equivalence B ∼ F A (B, A).
We also need to produce a coevaluation η : 
Since each ε γ is a B-bimodule morphism and because of the way η was characterized in terms of its projections under the ε γ , this is composition is homotopic to γ∈G δ γ,1 γ = id.
A similar discussion applies to the composition in (1.3.3b). maps η to zero, y to 2u 2 and w to u 4 , whereas id + γ 2 sends the even powers u 2n of u to 2u 2n and the odd powers to zero. Therefore im(tr * : KU 8n −→ KO 8n ) = 2KO 8n , im(tr * : KU 8n+4 −→ KO 8n+4 ) = KO 8n+4 .
Terms in degree 8n + 2 are not detected by ι * : KO * −→ KU * , but in fact tr agrees with the realification map and tr * (u) = η 2 . To see this, note that we are dealing with KO-module maps KU −→ KO. Then by the self-duality of the KO-module KU ,
This means that elements of D KO (KU, KO) ∼ = π 0 F KO (KU, KO) are detected by their induced effect on the free abelian homotopy groups π 4n KU −→ π 4n KO for n ∈ Z, and using the KO *module structure we find that this is determined by the homomorphism π 0 KU −→ π 0 KO. Thus it suffices to know the standard fact that the realification map KU −→ KO induces 2 : π 0 KU −→ π 0 KO. Similarly, the analogue of part (c) of Theorem 1.1.6 is not always true since
When the order of the Galois group G is invertible in A * , such anomalies do not occur. Proof. By the faithfulness of B and C, it suffices to check this for the morphism ϕ = id ∧ id ∧ ϕ between the G-Galois
Now ϕ induces a ring homomorphism
and by the argument used in the proof of Proposition 1.1.11, this is an isomorphism.
Here is an example of this result in use. We take for EG any contractible space on which G acts freely. In our topological context there is an analogue of the Fundamental Theorem of Galois Theory, Theorem 1.1.15. In order to state it we need to introduce some new constructions.
Let B/A be a G-Galois extension. Then for any subgroup H G we can form the commutative A-algebra
If H K G, there is a map of B-algebras
Notice that there is a canonical map
which is an equivalence of B-algebras since EG is contractible. There is also a weak equivalence 
Now define B

Topological realisation of algebraic Galois extensions
Let A be a commutative S-algebra for which each A n = π n A is countable and let G be a finite group. Also recall Proposition 1.1.11. Proof. By Theorem 1.1 .5(d) , B * is a finitely generated projective A * -module, so the functor
X is a homology theory. As discussed in [34, page 264] , an appropriate modification of Adams' version of Brown's representability theorem [1, theorem 1.7] can now be applied to show that this functor is representable by an A-module spectrum B (work of Neeman [37] shows that the countability assumption on A * , and hence on B * , is required here), thus for each A-module X there is a natural isomorphism B A * X ∼ = π * B ∧ A X. If we ensure that B is a cell A-module then it is unique up to homotopy. A related argument appears in [35, proposition 12] .
The Künneth spectral sequence
of [20] collapses to give
More generally, for each n 2,
where ( ) (n) denotes the n-fold smash product over A. This is projective both as an A * -module and as a B * -module. From [20] , for each A-module Y there is a universal coefficient spectral sequence
. By the projectivity of the first variable, this spectral sequence collapses to give
The product on B * is an element of Hom A * (π * B ∧ A B, B * ) which corresponds to a unique element of B 0 (B ∧ A B) . Since B * is a commutative A * -algebra, this product on B is homotopy associative and unital over A.
Similarly, the action of elements of G on B * induces a homotopy action of G on B by morphisms of A-ring spectra.
Since B * is finitely generated and projective as an A * -module, the relevant universal coefficient spectral sequence collapses and for m, n ∈ N, n ∈ Z there are isomorphisms
where ( ) (k) denotes the k-fold smash product over A. Now it follows by naturality that there is a unique homotopy class of morphisms of A-ring spectra ϕ : B −→ C inducing Φ and this homotopy commutes with the actions of G. Since ϕ is an isomorphism, this induced map is a weak equivalence of A-ring spectra.
Realising Galois extensions
In this section we will assume that the following two conditions hold as well as those of Section 2.1.
(Co-A)
A is a commutative S-algebra and B is a commutative A-ring spectrum. There is a homotopy action of the finite group G on B viewed as an A-module, i.e., there is a homomorphism of monoids G −→ D A (B, B) which is in fact an action by automorphisms of B as an A-ring spectrum, i.e., the homomorphism G −→ D A (B, B) is compatible with the product µ : Co-B) The A * -algebra B * is a G-Galois extension with respect to the induced action of G, thus the action of G on B * is faithful and satisfies the conditions of Definition 1.1.1.
For each γ ∈ G, there is a map of A-ring spectra
and these have product
Proposition 2.2.1. As an A * -algebra,
where the map is induced by that of (2.2.2). Hence B A * B is anétale B * -algebra.
Proof. Recalling (2.1.3) , we see that (Co-B) . The A-ring spectrum structure on B has a unique refinement to a commutative A-algebra structure.
Proof. We will use adaptations of the obstruction theory of Robinson to the relative case. This approach has been set up to establish the existence of E ∞ structures (or equivalently commutative S-algebra structures) on spectra. Our aim is to establish commutative A-algebra structures on a homotopy commutative A-ring spectrum B. The geometric nature of Robinson's obstruction groups as described in [40, §5] ensures that the obstructions for imposing a commutative A-algebra structure on B live in Γ-cohomology HΓ * * (B A * B | B * ; B * ) of (B ∧ A B) * relative to B * . Using the notation of [40, definition 5.3], an n-stage for such a structure corresponds to a map
As we have assumed that A * −→ B * is G-Galois, we find that B * is A * -projective; hence one obtains universal coefficient and Künneth isomorphisms which identifies B *
The result is now immediate using the modified obstruction theory of Robinson and Whitehouse [40, 41, 42] for A −→ B, because B * ⊗ A * B * isétale over B * and hence the obstruction groups vanish. Now by making use of results of Robinson and Whitehouse [40, 41, 42] , and Goerss and Hopkins [24] , we obtain (c) Suppose that A, C, G also satisfy the conditions of (Co-A) and (Co-B) , thus there is a unique A-algebra structure on C as in (a). If Φ : B * −→ C * is a G-equivariant A *algebra homomorphism (and hence an isomorphism by 1. 1.11) , then there is a morphism of A-algebras ϕ : B −→ C inducing Φ and commuting with the actions of G described in (b).
Proof. (a) & (b)
In our present context, the desired result comes from the triviality of the spectral sequence for the homotopy of the space of commutative A-algebra self-maps of B based at any choice of map in the A-algebra homotopy class of an element of G realised as an A-algebra morphism. More precisely, we use the generalization of [24, theorem 4 .5] to the setting of A-algebras and take E = X = Y = B. This argument requires the Adams Condition of Corollary 1.4.13(b). As B * is strongly self-dual it is finitely generated projective. Therefore the homotopy groups of the dual D A (B) are isomorphic to B * and hence B is strongly self-dual. From Corollary 1.4.13 we can conclude that B is a retract of a finite A-cell module. Now we make a modification of [24, definition 3.2], using as the set of spectra P consisting of the A-sphere S A , B, their suspensions and finite wedges of these. As B * is finitely generated A * -projective, we have a universal coefficient isomorphism.
The second quadrant spectral sequence converging to the homotopy groups of the space of self-maps of B in the category of E ∞ -algebras in A-modules, map E∞-A-alg (B, B) , looks as follows. The E 2 -term is [12] to see that, but there should be a direct proof as well. As a basepoint for the mapping space map E∞-A-alg (B, B) we take the identity map of B.
Since B * is G-Galois over A * , each group element γ ∈ G gives rise to an element in the morphism set Hom B * -alg (B A * (B), B * ) which sends b 1 ⊗b 2 to b 1 γ b 2 . Therefore map E∞-A-alg (B, B) has contractible components and G is a submonoid of π 0 (map E∞-A-alg (B, B) ).
In the terminology of [19] (or of [15, definition 2.1]) the diagram category consisting of the group viewed as a one-object category is an h ∞ -diagram: for every γ ∈ G the path-component of its image is contractible. Using [15, theorem 2.2] we can strictify this diagram such that there is a weakly equivalent E ∞ -A-algebra B ′ with a strict G-action.
For part (c) the arguments are a little bit more involved. As we saw, we can realise Aalgebras B ′ and C ′ with actual G-actions, such that B ′ is weakly equivalent to B and C ′ is weakly equivalent to C via maps of E ∞ -A-algebras. As Φ is a map of commutative A * -algebras, it gives rise (via Brown representability) to a map ϕ of homotopy A-ring spectra from B to C. In particular, the map on C-homology, C * (ϕ) is a map of commutative C * -algebras.
Using the invisible corollary [24, Corollary to theorem 4.5, analogous to 4.4] the vanishing of the obstruction groups Der s C * (C A   *  (B) , Ω s C * ) and Der s+1 C * (C A   *  (B) , Ω s C * ) implies that the Hurewicz map π 0 (map E∞-A-alg (B, C)) −→ Hom C * -alg (C A * (B), C * ) is a bijection.
We claim that the following is an h ∞ -diagram: take X(0) = B ′ and X(1) = C ′ as vertices and for every group element γ ∈ G we get morphisms X(γ, 0) and X(γ, 1), and for the element in π 0 (map E∞-A-alg (B, C)) corresponding to C * (ϕ) we get an arrow from X(0) to X(1) in the homotopy category of E ∞ -A-algebras. As every component in map E∞-A-alg (B, C) is contractible, one can strictify X to get a weakly equivalent diagram X together with weak equivalences from X(i) to X(i), i = 0, 1. The arrow ϕ from X(0) to X(1) is G-equivariant by construction and is a weak equivalence due to three-out-of-four. Example 2.2.5. Let n 1 and consider the ring Z[1/n, ζ n ] ⊆ C, where ζ n is a primitive n-th root on unity. It is well known that Z[1/n, ζ n ] is a free Z[1/n]-module of rank ϕ(n) which is unramified as a Z[1/n]-algebra and (Z/n) × acts as a group of Z[1/n]-algebra automorphisms. Hence Z[1/n, ζ n ] has a normal basis. Then for any commutative S-algebra A, in an obvious way we can give
A the structure of a commutative A-ring spectrum. By applying Theorem 2.2.4, we see that the ring A * ⊗ Z[1/n, ζ n ] can be realised as the homotopy ring of a commutative A[1/n]-algebra. This generalizes results of [43] .
In order to build on Theorem 2.2.4 to obtain realisation results for Galois extensions we need to ensure that B hG ∼ A. This requires some group cohomological input. In practise we would like to at least have Proof. We use the homotopy fixed point spectral sequence E s,t 2 = H s (G; B t ) =⇒ (B hG ) t−s to ensure that B has the correct homotopy fixed points with respect to the G-action. From now on we suppress the internal grading to ease notation. Now by Proposition 1.1.9,
Therefore π * (B hG ) ∼ = A * and so B hG ∼ A.
Remark 2.2.9. We can summarize our results by saying that the constructions of this section produces a functor where the target denotes the category of G-homotopy classes of G-Galois extensions of A. Two G-Galois extensions B and C of A are equivalent if there is a G-equivariant map of A-algebras from B to C which is a weak equivalence. The assignment Φ A,G is actually natural in G, and when G is abelian it is a homomorphism of groups, where the group structure on the target is defined in an analogous way to the algebraic case (for more on this, see Remark 2.2.10). Namely, given a group homomorphism ϕ : G −→ H, for a G-Galois extension B/A we define F(H + , B) ) G , the homotopy fixed points of the function spectrum F(H + , B) with the action coming from the left G-action on H and B. Then ϕ * B has a natural H-action induced from the right action of H on itself. It is routine but tedious to verify that this gives an H-Galois extension of A. For example, using a sequence of obvious identifications we find that
It would be interesting to have a better understanding of the functor out of Har(A, G) into a subcategory of the category of A * -algebras which sends a G-Galois extension B/A to B * /A * . In Section 2.3 investigate this for the case where G is abelian. Mimicking this in the geometric situation we set B ·C = (B ∧ A C) hK for any G-Galois extensions B and C.
Topological abelian extensions and Kummer theory
We will now describe analogous constructions to those of Section 1.2 when the following conditions are satisfied. • A 0 is connected (i.e., it has no non-trivial idempotents).
By generalizing constructions of [43] as in Example 2.2.5 we can always arrange for the second condition to hold whenever the first does. The third condition is not strictly necessary but simplifies the ensuing discussion.
We also need the following conditions which we introduced in [11] .
Condition A. There is an A-module W for which the A * -module W * = π * W is isomorphic to the residue field A * /m. If such a W exists, we will often choose one and denote it by κ(m).
Condition B.
There is an A-algebra A ′ where A ′ * is a local ring with maximal ideal m ′ ⊳ A ′ * which satisfies Condition A and whose unit induces a local homomorphism (A * ) m −→ A ′ * which makes A ′ * a finite (A * ) m -algebra. A (B, B) and its action on B can be iterated to produce an A-module B(χ) = e χ B which is well defined up to homotopy. There is a homotopy decomposition of A-modules
As in the algebraic case, there are also pairings
Now smash with B and recall that B is a faithful A-module. We can consider the extension B ∧ A B/B which is equivalent to γ∈G B/B. The decomposition analogous to that of (2.3.1),
is induced from that of B by smashing with B and
For the product maps we also have homotopy commutative diagrams
so if we can show that the bottom maps are equivalences of B-modules then since B is a faithful A-module, the maps of (2.3.2) are equivalences of A-modules. But the necessary verification is formally similar to that for the algebraic case proved in [28] since in homotopy there is an
Thus we have shown that the map of (2.3.2) is a weak equivalence. In particular, each B(χ) is an invertible A-module. But now the results of [11] imply that B(χ) * is an invertible A * -module and so is projective. From this we conclude that B * is a direct sum of projective A * -modules and so the Künneth spectral sequence collapses to give
and therefore
We also have
and therefore B * /A * is a G-Galois extension.
Here 
To see this, first from ( 
with generators the cosets of −1, 2, y with respect to (Z[1/2][y, y −1 ]) × 2 .
Tate cohomology for topological Galois extensions
The generalisation of Tate cohomology [25] naturally leads us to consider it in the context of Galois extensions. Here we assume that B/A is a G-Galois extension with G finite and view B as giving rise to a naive G-spectrum B G as in the proof of Theorem 1.4.11.
Assuming we are working with a G-universe U with its trivial G-universe U G and writing i : U G −→ U for the inclusion, there is a functor i * : GSU G −→ GSU from the category of naive G-spectra to the category of genuine G-spectra and so we have a G-spectrum i * B G . Now the construction of the trace map in (1.4.3) involves a map of A-modules
which is constructed using the transfer. This map is known to have as its cofibre the fixed point spectrum of (t G i * B G ) G of the Tate spectrum (t G i * B G ). The homotopy groups of this spectrum are computable from a spectral sequence of the form
in which H denotes Tate homology. This spectral sequence and its convergence are discussed in [25, theorem 10.3] ; note that we are only interested in the case where X = S 0 . In order to describe a situation where this can be directly used to show that (t G i * B G ) G is trivial, first recall a standard fact about G-Galois extension of commutative rings. Proof. Here the spectral sequence (2.4.2) has E 2 * , * = 0, therefore π * (t G i * B G ) G = 0. Since (t G i * B G ) G is the cofibre of τ , the result follows.
We now generalise this to the case of arbitrary Galois extensions. The proof is essentially formal and does not rely on properties of the algebraic extension B * /A * . Proof. Let us consider the map
and its smash with the non-equivariant spectrum B,
Let us consider the following two strings of maps with composites id B ∧ τ B G and τ B∧B G respectively.
If the trivial G-spectrum B is replaced by an A-sphere S A , then the canonical equivalences between S A ∧ (B G ∧ EG + )/G and (S A ∧ B G ∧ EG + )/G on the one hand and S A ∧ (F(EG + , B G )) G and F(EG + , B ∧ B G ) G on the other hand yield an equivalence between id S A ∧ τ B G and τ S A ∧B G .
The same holds for a finite sum of possibly suspended A-spheres. Everything in sight is compatible with cofibre sequences of trivial G-spectra, so if C is a finite A-cell module, then it follows by induction on the cellular filtration that there is a natural equivalence id C ∧ τ B G ∼ τ C∧B G . As B is strongly dualizable, it is equivalent to a retract of such a finite A-cell module C. Hence, up to equivalence, B is the image of an idempotent self-map e on C, i.e., the telescope of The triviality of the Tate spectrum (t C 2 i * KU C 2 ) C 2 was first proved by Fajstrup in [21] , where a detailed discussion of the Real K-theory spectrum appears. Of course we also have τ : KU hC 2 ∼ − − → KU hC 2 ∼ KO.
This example illustrates the sometimes surprising way that this can work out in practise.
Units of Galois extensions
One instance of Hilbert's theorem 90 involves the vanishing of the first cohomology of Galois groups with coefficients in the units of a field extension and the straightforward identification of the fixed points of the units of the extension with the units in the base field. Note, that for a general G-Galois extension of rings S/R Hilbert's theorem 90 does not hold: instead of a vanishing result for the first group cohomology, there is an exact sequence [14, §5], 0 → H 1 (G, S × ) −→ P(R) −→ H 0 (G, P(S)) −→ H 2 (G, S × ) −→ Br(S/R) −→ H 1 (G, P(S)) −→ H 3 (G, S × ), in which P(R) denotes the abelian group of isomorphism classes of finitely generated projective R-modules of rank one and Br(S/R) is the relative Brauer group. Examples of Galois extensions with non-trivial H 1 (G, S × ) are mentioned in [14, 5.5 (d) ].
In the following we use the concept of units of ring spectra. More material on these is contained in the notes [4] and we are grateful to Matthew Ando for providing them. Definition 2.5.1. Let R be a ring spectrum. The units GL 1 (R) of the ring spectrum R are defined via the following homotopy pullback square:
in which Ω ∞ (R) denotes the underlying infinite loop space of the Ω-spectrum associated to R, i.e., the zeroth space of the spectrum R.
Now assume that R possesses an action of some finite group G by maps of ring spectra. More precisely, let R be a naive G-spectrum with a coherent E ∞ -structure in the sense of [32, VII Def. 2.1]. We recall from [32, VII Prop. 2.8] that the zeroth space R(0) = Ω ∞ (R) inherits a G-E ∞ structure from R.
The homotopy groups of R inherit the G-action as well. As everything takes place in a setting of Ω-spectra, the zeroth homotopy group π 0 (R) is given by π 0 (Ω ∞ (R)). The inclusion of the units into the full ring π 0 (R) is clearly G-equivariant and so is the quotient map from Ω ∞ (R) to π 0 (R). As this map is the quotient map from the space Ω ∞ (R) to its path components, it is a fibration. Therefore the units of R are given by a pullback square of G-spaces with equivariant maps.
Proposition 2.5.2. Assume that R is a G-ring spectrum as above and for which π 0 (R hG ) ∼ = (π 0 (R)) G . Then the homotopy fixed points of the units GL 1 (R) are given by the units of R hG .
Proof. Taking the zeroth space of a spectrum commutes with homotopy fixed points, because using the setting of [32, I, §3] we have the following chain of identifications (Ω ∞ (R)) hG = F(EG + , Ω ∞ (R)) G = F(EG + , R(0)) G = (F(EG + , R)(0)) G = (F(EG + , R) G )(0)
= Ω ∞ (R hG ).
By assumption, the homotopy fixed points of the discrete set π 0 (R) are F(EG + , π 0 (R)) G ∼ = (π 0 (R)) G ∼ = π 0 (F(EG + , R) G ) and therefore the pullback for the homotopy fixed points of GL 1 (R) is the pullback of the diagram Ω ∞ (R hG ) (π 0 (R hG )) × / / π 0 (R hG ) and by definition this is GL 1 (R hG ).
We now obtain a topological version of Hilbert's theorem 90 as an immediate consequence of the above result. Theorem 2.5.3. Let G be a finite group and let A −→ B be a weak G-Galois extension with (π 0 (B)) G ∼ = π 0 (A). Then GL 1 (B) hG ∼ GL 1 (A).
The condition on the zeroth homotopy group is of course satisfied in the case of a G-Galois extensions of Eilenberg-MacLane spectra HR −→ HS; in these examples the result gives the classical identity (S × ) G ∼ = R × . The C 2 -Galois extension KU/KO also satisfies the condition on π 0 .
